GPI Final Exam (2021/6/18)
author B2 JeULix-11

1(14 points)

Central field problem:

In the classical model of tritium ( Isotope of H, with 1 proton, 2 neutron), the nucleus charge is +1e, and
electron (charge —e) moves around nuclei in a circular orbit with radius = 7. Suddenly a nuclei reaction
happened and the one neutron becomes proton inside the nuclei to bring the charge of it to +2e¢, the
tritium becomes a Helium ion. The electron in the old orbit is facing a new situation:
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(The force between nuclei charge and e is Coulomb attraction: F' = — ; Z : number of

4F€0
proton; €g is a constant; use m, for reduced mass)

1. (4 points) Express the total energy E, Coulomb potential energy U, kinetic energy K and angular
momentum L of e in tritium in the original circular orbit, in terms of C, ry; i.e. By, U, K, Ly =?

2. (4 points) In the new situation (helium ion), what is the energy E and L for electron, in terms of Ey, Lg

3. (4 points) Find the new orbit parameter 7, ; closest and furthest r,,,, ; 7min in terms of g and other
constant.

4. (2 points) Find the long (2a) and short axis (2b) of the new elliptical orbit in terms of rq
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total energy is By = K — — = ——— and the angular momentum is
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(2) At the moment the reaction happened, the kinetic energy and radius don't change
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2(16 points)



Two identical mass points, mass = m, are connected through identical springs (spring constant=k) to the
fixed walls as shown in figure:

There is also a damper (whose mass can be neglected) between the two m. It provides a resisting force
trying to slow the faster moving particle, its magnitude is bv, where b is a constant and
v = |£1 — Z2|; z1, x2 are displacement from equilibrium.

1. (4 points) Please write out the equations of motion for the points, i.e. 1, &2 has to obey what

b
equations, using parameters of wg = \/k/m and vy = ooy

2. (4 points) Above equations may be coupled and hard to solve. We can simplify (decouple) them by
replacing variables, such as Yy = 1 — x5 etc. Let's call new variables y1, y2, please list out relation
between y1,y2 and 1, T2; also list out equations on ¥, Y2, in terms of wy; ~y

3. (4 points) What are the general solutions for y1, y2 (under weak damping), which parameters will
depend on initial conditions?

4. (4 points) If the initial conditions are, at t = 0, the two points are at equilibrium positions, and point1 (

m represented by x ) receive a quick blow and gain velocity of vg. After a long enough time, the
motion of the two points will become €1 = T2 = if(t) What is the function form of f(¢) ? and
what is the w (in terms of given parameters)

. k‘(xg — xl) — kl’l — b(l’l — x2) = mai'l k . . b
(1) Newton's second law {—k(wz — 21) — ko + b1 — aia) = mas replace 4/ T WY =

{xl = wi(zy — 2z1) + 7
&y = wi(wy — 2z2) +

(€2 — 1)
(€1 — 22)

=x1+ T2
therefore
2

(2) Add and subtract two equations and set {yl _
Y2=oT1—

{?)'1 = —wly
Yo = —3wiya — 27ya

(3) Since the damping is weak, A1 o = —7y & 14/ 3w2 — y% so

y1(t) = Aj cos (wot + ¢1)
ya(t) = Ase " cos (\ / 3w% — 2t + gOz)
(4) After a long enough time, e~ — 0, y2 — 0 And for y; (t)

y1(0) = 21(0) + z2(0) = 0,4,(0) = 2 (0) + z5(0) = vo Soy1(t) = Z—Zsin (wot) = x1(¢) + x2(t)



1 v
whent — +oox1(t) = x2(t) = Eyl(t) = ﬁsin (wot)
0

So f(t) = sin (wot),w = wo

3 (12 points)

A plane wave of wavelength ) travels along the z direction, excite the atoms at point S. The emitting light
from the atoms will be in phase with the plane wave and has same frequency, and its emission can be
treated as spherical wave. At distance D from the atoms we put the observing screen. The amplitudes for
the plane wave and spherical wave on the screen are both A (This is true under paraxial approximation,

D >> p), pis the distance to the center of screen. Compute the intensity distribution on the screen I(x, y)
,interms of p, D, Aand A

For the plane wave, fil = A cos (wt), and under paraxial approximation, the phase difference is

_27rm _ 27D 1224+ 4° w2 +y?)  mp
Ap = )\( D?+z2*24+y>—-D)~ )\ ((1—1—2 o )—1) = D =D
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. L A A
so Ay = Acos (wt + Ap), Aot = A1 + Ay = 2A cos (TSO) cos (wt + T(p)

§ 2
I(p) = |Atot2| =447 COS2(%) ' % = A*(1 4 cos (Ayp)) = A*(1 + cos (%))

4(14 points)

Interference:
LIGO (Laser Interferometer Gravitation-Wave Observatory) is using interference to observe the expansion-
contraction if space due to gravitation wave.
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As shown in the figure: It is basically a big Michelson Interferometer, two arm length L is 4000 meter

(4 km ) each. Two extra mirrors inside will make light being reflected backwardforward N = 300 times,
effectively prolong the length of each arm. The light from each arm finally meets at the beam splitter and
creates interference pattern. When gravitation wave (indicated by the curve on top) passes, one arm length
will be lengthened and the other be compressed. This effect is expressed by a strain coefficient §, it
expresses the length difference in the two arms by: AL = §L

When there is no gravitation wave, the two arms are with equal length, and due to halfwavelength
difference effect, light from two paths cancels each other and the interference is dark; when the gravitation
wave creates a difference in arm length, the interference intensity will change, and from such change § can
be measured.
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The measured results are shown above. Vertical is the calculated é from intensity change, horizontal is time.
Two groups of data on the left and right are from two observatories located at different places (Hanford at
Washington State and Livingston at Louisiana). The top row is the measurement; the middle is theoretical
simulation and the bottom is noise level.



1. From data, what is the order of magnitude of § ? How big is the length difference AL ? (2 points)

2. At such order of magnitude §, what is the phase difference between the light that passes the two arms
of the interferometer then reaches the detector? The center wavelength of laser in use is
A = 1064 nm (3 points)

3. At such phase difference, what is the change of light intensity from zero? Needed parameter: The total
intensity of the laser is Iy = 1000 W (5 points)

4. For such small intensity change, and the signal is really not too much above the noise, why the result is
not due to some seismic-environmental changes (such as seismic activity, local temperature
fluctuation, or even just student drop a wrench on the floor - - -) ? (4 points)

(1)1072' ~10"*, ALjax =4 x 107¥m

2
(2) Ap = ““AL-2N = 1.42 x 108 rad

A
(3) Ay = Agcos (wt), Ay = Ag cos (wt + 7 + Ay) and the total intensity is
—_ = A2 A2
— A2+ A2 = 20 - = A2

the final amplitude is

- A A
A=A+ Ay = Ay(cos (wt) — cos (wt + Ap)) = 24, sin (%) sin (wt + T(P)

Ap. 1 A
et A PEFSP Yt =t
> >

1
5 )2 = EIO(AW =1.00x 1078 W

So the intensity is I = A2 = 4 A% sin?(

(4) Two different experienments in different places show the same trend of the wave.

5(12 points)

A spaceship flying at constant speed v towards 4+x away from earth. On board it has a light transmitter and
detector. The following data before questions are all referring to ship's frame (.S ' frame): The ship
emit out a light signal with frequency wq towards the earth, part of it will be reflected by earth and comes
back to the ship (as how radar works). 20 s after the emission, the detector on the ship picks up the

reflected signal from earth, and the frequency of the reflected light w is found to be half of wy, i.e.,
1

W = —wy.

2

1. (2 points) At the time when the emitted light just reaches the earth and been reflected, what is the
position of the earth in S' (ship's) frame?

2. (4 points) What is the velocity v of ship relative to the earth?

3. (6 points) At the time when the reflected light reaches the ship and been detected, how far away of the
ship from the earth in earth's frame? (Write the answer in ~, S first in case your v value is wrong in 2)
and you still be able getting most credit for this part;

At
(1) Az’ = CT ~101s
1-— 1 1 1
(2) According to the Doppler effect of light ( %)z =5 — 3= 3V = 3¢



(3) According to time dilation effect, in the S frame, At = yAt'. Set their initial distance is [

l [
I+ —-v) I+ —-v)
p I2 z 1+8
At=—4+—C = '=]4+= ¢ p=1.1F
c+ c—v cl-p’ + vt c—v Y 1-p
1+p6 1+ 3 cAt(1—p) 1~|—B cAt
PP TICE T IS8 2 2 2 1—5 v2ls
Another solution: In S’ frame, when the light reaches the ship,
1 40 1
AiE _101S+§C ].OS_?IS( ;—ﬁCAt)

And the length is measured When At' =0, So

Aa: —i—vAt' cAt [1+
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6(16 points)

In the famous Bertozzi's Ultimate speed experiment, stationary electrons were passing an accelerating
electric field with potential of negative millions of volts (MeV in energy). The accelerating electrons then
travel in vacuum tube and their terminal speed can be measured with time-of-flight method. The general
setup and results are shown in the figure: (top 2 are setup and signal on oscilloscope; bottom 2 are results)

(——_ 15 MeV Linac
\t——‘

@y
9.0| .
ol TABLE 1-1
¥ :: Kinetic energy Flight time Electron speed
T 4 K, MeV £, X 10-8sec v, X 108 m/sec  v?%, X 1018 m2/sec?
S 49 0.5 3.3 2.60 T 6.8
s a9 1.0 3.08 2.73 7.5
o 1.5 292 2.88 8.3
i 45 2.84 2.96 8.8
e 15 2.80 3.00 9.0

1. (4 points) Please write out the formular for relation between v2 and K (kinetics energy), of which the
curve in the figure above should follow.

2. (4 points) Compute the v? at K = 1.0MeV and K = 4.5MeV from the formula, taking the rest mass
of electron to be Me = 0.5MeVe? = 9 x 10*( m/s)?,

3. (2 points) There may be a difference between the calculation in 2) with measured results in table 1.1.
Suppose the measured results are accurate, what do you think is the major reason that cause the
difference.

4. (5 points) Now we use electrons with K = 4.5MeV; m, = 0.5MeV to bombard a stationary proton
(rest mass m, = 940MeV ). If they form a " H " atom, what will be the rest mass (in MeV) of "H"
atom?

5. (1 point) How many energy needs to be released in order to form a stable H atom?



2 2
(1)K:——mc2:>v2202(1—(L
02 K + mc?

e

(2) v*(K =1 MeV) = 8 x 10'° (m/s)?,v*(K = 4.5 MeV) = 8.91 x 10 (m/s)

)?)

(3) The velocity of radiation decreases as electrons move.

1
(4) E = K + m.c* + myc? = 945 MeV, p = z\/(K + mec?)? — (mec?)? = 4.975 MeV /c

For the new atom E? = (pc)? + EZ = Eq = \/E? — (pc)? = 944.987 MeV
(5) AE = 4.4987 MeV

7(16 points)
In this problem we use transformation relation to work out reflection of light by a moving mirror.

We know that energy-momentum is a 4-vector, i.e. (E/c, p) transform obeylng Lorentz between inertial
frames. Using the relation E = hw, p = hk: w is the angular frequency and k wave vector of light wave, R is

a universal constant; then the K = (w/c, k) is also a 4-vector.

1. (3 points, 1 for each)
a) For light, what is the length of this K|, i.e. | K'|* equals what?

b) This means W equals what? [k| = |/k2 + k2 + kZ is the length of wave vector. c) Is this W value

invariant between frames?

Now take a look for light reflection by a moving mirror, the mirror ( S’ ) is moving with v relative to the
ground S (the source of light is stationary on the ground), the ground view and mirror view are shown in the
figure below:

(w;ak;) a)il, kir
S (ground)
View S’ (mirror) View
In the mirror frame (.S’ view), it just sees a light with frequency w’ coming in with angle 0;, and it will reflect
the incoming light. The reflection law in the mirror frame is just the familiar one: w], = w?, 8. = 6. But for
the ground observer, the reflected light may have different frequency and out-going angle compared with
incoming one:

2. (7 points) For a given incoming light in S frame, i.e. w;, k; ( k; is the magnitud of incoming wave vector)
and angle 8; is known, please find out the w’ and cos €}, the frequency and incoming angle in the



mirror (S') frame, express them in terms of ¢, 3, v, w;, 0;
3. (6 points) Using the reflection law in mirror frame, find out the frequency and angle of reflected light in
ground frame: w, and cos 0, express them in terms of ¢, 8, , w;, 6;

(1) |K| =0, % =c, —_is invariant

K|

w
(2) K = (;, k., ky7 kz) satisfies Lorentz transformation.

W' w
- v =By 0 0\ [—Z
| Py 00 g,
k; 0 0 1 0 ky
K 0 0 0 1 k.
W = ’y(w — /BCkw) = 7(&) — /Bc(_ﬁ . COS 02)) = ’)’(.U(]. + /BCOS 01)
c

Ky =(ke — B =) =y~ - cos; — - —) = ——n(cos; + )
C C C C

k! k; cost; + cosb; +
=Y &/ |w’| 1+ Bcosb; ‘ arccos(l-ﬁ—ﬁcos@i)
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(3) wl. = W}, then transform to S frame
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- v By 00\ [—
ke | = | P 7 00 e
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14+ 82+2 0;
W, = y(w’ 4+ ﬂck;) = y(yw(1 4 Bcosb;) + ﬂc(%'Y(ﬂ‘i‘ cosb;))) = i ﬂlt Bﬂzcos w
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0, = arccos

B%cosf; + 28+ cos@i>

= arccos
' ( 1+ 2Bcosf; + 52
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